Firstly, we will show the following extension of the results on powers of p-hyponormal and log-hyponormal operators: let n and m be positive integers, if T is p-hyponormal for
Introduction
In this paper, let H be a complex Hilbert space and B(H) be the algebra of all bounded linear operators in H, and a capital letter mean an element of B(H). An operator T is said to be positive (in symbol: T ≥ 0) if (Tx,x) ≥ 0 for any x ∈ H, and an operator T is said to be strictly positive (in symbol: T > 0) if T is positive and invertible.
An operator T is said to be p-hyponormal for p > 0 if (T * T) p ≥ (TT * ) p , where T 2 Powers of p-and log-hyponormal operators Theorem 1.1 [6] . hold for all positive integer n.
Very recently, Ito [8] showed that Theorem 1.1 holds for p > 0. hold for all positive integer m such that m < p.
Yamazaki [13] also showed the following Theorem 1.3 which is a parallel result to Theorems 1.1 and 1.2. Theorem 1.3 [13] . If T is log-hyponormal, then
* n/(n+1) (1.4) hold for all positive integer n.
We can rewrite Theorem 1.3 into the following easily.
hold for all positive integer n and m.
In fact, if m > 1, then by Theorem 1.3 we have
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hold by Löwner-Heinz inequality.
In this paper, we will show Theorem 2.1, the parallel result to Theorem 1.4, stated below which is an extension of Theorems 1.1 and 1.2. We will also show an estimation on powers of p-hyponormal operators for p > 0 which implies the best possibility of Theorem 2.1 and discuss the best possibility of Theorem 1.4.
2. An extension of Theorems 1.1 and 1.2
hold for all positive integer n and m such that m ≥ p;
hold for all positive integer n and m such that m < p. FI yields the following famous Löwner-Heinz inequality by putting r = 0 in (i) or (ii) of FI. It was shown by Tanahashi [11] that the domain drawn for p, q and r in Figure 2 .1 is the best possible for FI.
Theorem 2.5 Löwner-Heinz (Löner-Heinz inequality [7, 10] 
Theorem 2.8 [13] . Let T be a p-hyponormal operator for p ∈ (0,1]. Then
hold for all positive integer n.
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hold for all positive integer n and m such that
Proof of Lemma 2.9. Put γ = min{1, p}, then
holds by Theorem 2.8, p-hyponormality of T and L-H.
Proof of (2.12) .
Proof of (2.13) . Since (|T| 2 ) γ ≥ (|T n+m * | 2/(n+m) ) γ by (2.16), similar to the proof of (2.12), (2.13) holds by taking α = γ, t = 1, q = n + p and s = n + m in Theorem 2.7(1).
Proof of (2.14) .
On the other hand, by applying (ii) of Theorem 2.4 to |T n | 2γ/n and |T * | 2γ for
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Proof of (2.15) . Since |T| 2γ ≥ |T n * | 2γ/n by (2.16), similar to the proof of (2.14), (2.15) holds by Lemma 2.6 and taking p 1 = 1/γ, r 1 = n/γ and q 1 = (1 + n)/ p in Theorem 2.4(i).
Proof of Theorem 2.1. Let T = U|T| be the polar decomposition of T. Then it is well known that the polar decomposition of T * is T * = U * |T * |.
Proof of (2.1) . In case k = 1,2.
(i) We will prove that the following (2.20) holds for all positive integer n by induction:
Firstly, we prove that (2.20) holds for
and in case k = 2, p ∈ (1,2], then 
so that (2.22) is proved. Secondly, assumed that (2.20) holds for 1,...,n(≥ 1). We will prove that (2.20) holds for n + 1.
In fact, we have 
holds by case k = 1 and p = 1 of (2.20), so we have
by (2.28) and (2.20) (the last inequality holds by (2.20)), so that the following holds by L-H:
Consequently, the proof of (2.1) is complete by combining (i) and (ii).
Proof of (2.2).
The proof is similar to the proof of (2.1), so we omit it here.
Proof of (2.3).
If k = 2, we only need to show T n+1 * T n+1 ≥ (T n * T n ) (n+1)/n , this is just (2.28), so that (2.3) holds for k = 2.
If k = 3, we need to show T n+1
/n holds by case k = 1 and p = 1 of (2.1); similarly, T is phyponormal for p ∈ (2, 3] , then T is 2-hyponormal by L-H; thus T n+2 * T n+2 ≥ (T n * T n ) (n+2)/n holds by case k = 2, p = 2 and m = 2 of (2.1), so that (2.3) holds.
Proof of (2.4) . The proof is similar to that of (2.3), so we omit it here.
Proof of Corollary 2.2.
We have (i) by the process of the proof of (2.1) and (2.2).
(ii) is obvious by case k = 3 of (2.3), (2.4) and L-H.
Theorem 3.4 [14] . Let p > 0, r > 0, and q > 0. 12) so that (i) is obvious by comparing the two (0,0) elements of (T * T) p and (TT * ) p , similarly, (ii) is obvious by comparing the two (0,0) elements of log T * T and logTT * . Furthermore, the following hold for n ≥ 2:
so that we have (iii) by comparing the corresponding elements of (T n+m
. . .
12 Powers of p-and log-hyponormal operators so that we have (iv) by comparing the corresponding elements of (T n T n * ) β/n and (T n+m T n+m * ) β/(n+m) .
Proof of Theorem 3.1. 
Define an operator T on ∞ k=−∞ H k where H k ∼ = R 2 as (3.9). Then T is p-hyponormal by (3.17) and (i) of Lemma 3.5, and (T n T n * ) (n+p0)α/n ≥ (T n+m T n+m * ) (n+p0)α/(n+m) by (iv) of Lemma 3.5 since the case j = n of (3.11) does not hold for β = (n + p 0 )α by (3.18), so that Theorems 3.1(1)(ii) and 3.1(2)(ii) hold.
Proof of Theorem 3.2.
Put p 1 = m > 0, r 1 = n > 0, q 1 = (n + m)/nα, then we have r 1 q 1 = (n + m)/α < n + m = p 1 + r 1 .
By (i) of Theorem 3. Define an operator T on ∞ k=−∞ H k where H k ∼ = R 2 as (3.9). Then T is log-hyponormal by (3.21) and (ii) of Lemma 3.5, and (T n T n * ) nα/n ≥ (T n+m T n+m * ) nα/(n+m) by (iv) of Lemma 3.5 since the case j = n of (3.11) does not hold for β = nα by (3.22), so that Theorem 3.2 (ii) and holds.
